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Abstract. The boundary value problem 

Lu = f in fl , Rc(A u) = 4> on dil , 

is studied for a class of planar complex vector fields L in a simply connected 
open set f2 C . The first integrals of L are used to reduce the problem into 
a collection of classical Riemann-Hilbert problems with discontinuous data. 



Introduction 

This paper deals with boundary value problems for planar elliptic vector fields 
with degeneracies. The vector field L is nonsingular, complex valued, and real 
analytic in an open set containing Q, where is open, bounded, simply connected, 
and has a smooth boundary. We assume that L is locally solvable and is elliptic 
except on the analytic variety S given hy L A L ~ 0. The boundary value problems 
considered here are versions of the Riemann-Hilbert problem (RH problem for short) 
for the vector field L: 



(0.1) 



Lu = f in fl , 

Re(Au) — (J) on dfl , 



where A, cj) are Holder continuous on dfl with |A| = 1, (j> is R- valued, and / G 

c°°(n). 

The analytic variety E consists of the set E*', of points of finite type, and the set 
E°°, of points of infinite type (see Section 1 for definitions). is a one-dimensional 
submanifold in fl and L is tangent to E°°. The connected components of E°° are 
the (one-dimensional) orbits of L. We assume that these orbits are minimal (to 
be defined below). Let Fi, • • • , Tn be the non closed orbits of L such that each 
Tj connects in fl two distinct points of dfl. These orbits play a crucial role in the 
solvability of Problem (0.1). For a given function A, defined on dfl, we associate 
an index kj G Z in each connected component flj of fl\Ti U • • • U F^v, and to each 
orbit Tj with ends pj, on dfl, we attach a unique real number aj G [0, 1). This 
number measures, in some sense, the jump of A along the orbit. 

In general, it is not possible to find continuous solutions of Problem (0.1) on fl, 
even in simple cases. The reason is that some of the indices Kj might be negative. 
We will then allow for solutions to have isolated singular points: at most one 
singular point in each component flj with index Kj < 0. In fact, the solution u is 
continuous on f2\{pi, • • • ,p„} and, near each singular point pj, it behaves (through 
first integrals) as a meromorphic function with a pole of order < —Hj. For the case 
/ = 0, the solutions u are uniquely determined on the orbits T j by the values of 
A and cj) at the ends p'J , and the number aj > 0. This value is given by the 
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formula 



(0.2) u{T,) 



e ■ 



i sin(7raj ) 
with e = ±1. 

Various properties of the types of vector fields considered here have been studied 
by many authors and our approach is within the framework of the work contained 
in [2], 13], g], [g, [7], [5], IS], m], [S], [H]- To our knowledge, boundary value 
problems for elliptic vector fields with interior degeneracies have not been studied, 
except in [10] where a special case of Problem (0.1) is considered when the boundary 
functions satisfy A(p^) = A(j3+) and <f){p^) — 0(p^) on each orbit F with ends p~ 
and p+. This paper can thus be considered as an outgrowth of Section 12 of lO]. 

Our basic technique to investigate Problem (0.1) is to make use of the first 
integrals of L in the connected components of il\Ti U • • • U Fat and to reduce the 
problem to (N+1) classical RH problems for holomorphic functions in the unit disk 
D C C. However, these new RH problems have discontinuities on dU). These types 
of discontinuous RH problems have been studied by many authors (see in particular 
the monographs [T], [5], and |12|). In this paper, we adapt the techniques contained 
in [I]- 

The organization of this paper is as follows. In Section 1, we recall the main 
properties of the class of vector fields under consideration. In Section 2, we de- 
compose the open set ri\E°° into appropriate components and construct global 
first integrals for L. The notion of induced indices for a boundary function A is 
introduced in Section 3. In Sections 4 and 5, we study Problem (0.1). Theorem 
4.1 gives the general continuous solution of Problem (0.1) when / = and = 0. 
Theorem 5.2 deals with the case / = and (j) and gives the general (meromor- 
phic) solution satisfying (0.2) and in Theorem 5.4, the general case, with / 7^ 0, is 
deduced. 

1. A CLASS OF VECTOR FIELDS 

We summarize some properties of the class of vector fields under consideration. 
Most of the material listed in this section can be found in [3] , [10] , and [14] . 
Let n be an open subset of and let L be a vector field given by 

d d 
(1-1) L = Aix,y)—+B{x,y)—, 

with A, B E C"^(f2, C), i.e. A and B are real analytic and C- valued in fi. We 
assume that L is nonsingular in so that + > everywhere in fl. We 
denote by L the complex conjugate vector field { L — Adx + Bdy) and view L as a 
partial differential operator with symbol a = + Brj. The operator L is elliptic 
at a point (a;o,2/o), if ct(xo, yo; ??) 7^ for every (f , 77) G R^\0. The ellipticity of 
L at (xo, 2/0) is equivalent to L and L being independent at (xq, j/o)- We denote by 
I](f2) the set of points in f2 where L fails to be elliptic. Yi{Vl) is the base projection 
of the characteristic set of L (we often refer to E(f2) as the characteristic set of L). 
Consider the M-valued function d defined in by 

(1.2) A I = ^(x, .)|: A I = Im(^(., y)^)^ A ^ . 
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Thus, T,(fl) is the analytic variety in Q given by 

(1.3) ^{n) = {{x,y)en; ^ix,y) = 0} . 

We assume that L is not a multiple of a real vector field, so that E(r2) is a real 
analytic variety of dimension < 1. A point po € S(f2) is of finite type if there exists 
a vector field Y in the Lie algebra generated by L and L such that L and Y are 
independent at pq. If no such vector field Y exist, the point po is said to be of 
inifinite type. The set of points p g S(ri) where L is of finite type will be denoted 
S°(f2) and those where L is of infinite type will be denoted E°°(J7). We have then 

I](f2) = E°°(f2)Ui;°(f2) and E°°(f2) n S°(f2) . 

Since the vector field L is nonsingular and real analytic, then it is locally integrable. 
This means that for every point p G il, there exist an open set Op d Q, p Cz Op, 
and a function Zp e C"(C'p,C) such that Lzp = and dzp ^ 0. The function Zp 
is a local first integral of L. The use of the local first integrals allows us to obtain 
local normal forms for the vector field L. 

In a neighborhood of an elliptic point p £ il\T,{il), the vector field L is conjugate 
to the CR operator. That is, there exist local coordinates (s,t) centered at p in 

d d 

which z„ — s+it is a first integral and L is a multiple of — +i — . In a neighborhood 

_ OS at 

of a point of finite type po G I]°(r2), there exist local coordinates (s,i) centered at 

p, an integer k e Z+, an M- valued and C"^-function <j>{s,t) satisfying 

(1-4) J = l,---fc-l, ^(O)y^O 

such that Zp = s + i4>{s, t) is a first integral and L is conjugate to a multiple of 

^'d^J dt''~dtd's- 

Moreover, the variety I]°(f2) is locally given hy {(f)t — 0} . In a neighborhood of a 
point of infinite type p G I]°°(r2), there exist coordinates {s,t) centered at p, an 
integer / G Z+, an R- valued and C"^-function ijj{s,t) with ip{0,t) ^ such that 
Zp = s + is'"4'{s,t) is a first integral and L is conjugate to a multiple of 



^'■'^ ['^'^)dt~-dtds- 

In these local coordinates, E°°(r2) is the t-axis {{s — 0}) and E'^(r2) is given by 
{ipt = 0} so that 

(1.6) ^ih)^{is,t); sV^t(s,i)=0}. 

It follows then that E°°(r2) is a one-dimensional real analytic manifold embedded 
in and that L is tangent to E°°(r2). For a given open set U C fl, the connected 
components of E°°(ri) n U will be refereed to as the orbits of L in U. 

This paper deals with the vector fields with minimal orbits (as defined in 101). 
That is, we will assume throughout that if p G E°°(17), then the integer I appearing 
in the normalization (1.5) is / = 1. The semiglobal normalization of vector fields 
with minimal orbits is given in [10]. 
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A vector field L is said to be locally solvable at a point p G fi, if tfiere exists 
an open set O C fi, with p G O, sucli that for every function / £ C^{0) the 
equation Lu = f has a distribution sohition u S I?'(0). A vector field L is solvable 
(and hypoelliptic) at all elliptic points p G The solvability of L at the 

nonelliptic points p G S(ri) is given by the Nirenberg- Treves Condition (V). In the 
case considered here of vector fields in two variables, this condition has a simple 
formulation. The vector field L is solvable at p S S if and only if there exists an open 
set O C ri, with p G O, such that the function t9 = Im(^i?) defined in (1.2) does 
not change sign in any connected component of C'\I]°°(f7). It follows, in particular, 
that if L is locally solvable at a point of finite type p G 2*^(51), then the local first 
integral about p is a local homeomorphism (see jl4|). Furthermore, any continuous 
solution of Lu = in a neighborhood of a point p ^ I]°°(f2) can be written as 
u = H o z where 2; is a local first integral and where H is a, holomorphic function 
defined in a neighborhood of z{p) G C. For solutions with isolated singularities, we 
define a pole of order s of a solution u to be a point p ^ such that there exists 
a meromorphic function M with pole of order s at z{p) such that u = M o z m. 
a neighborhood of p. The global solvability of vector fields with minimal orbits is 
studied in [TD] . 

From now on, we will assume that L satisfies Condition {V) of local solvability 
and that it has only minimal orbits. 

2. Decomposition of Vl and global first integrals 

We decompose an open set into suitable components and construct global first 
integrals for the vector field L. Let L, given by (1.1) with A,Bg C"(ri,C), be 
such that L satisfies Condition (V) and has only minimal orbits. Let O C be a 
simply connected and bounded open set with f2 C 51. For simplicity, we will assume 
that dfl is smooth (of class C°°) and that it is transversal to the manifold I]°°(0). 
Throughout, we will use the following notation 

E = E(n)nf7, = E°°(f2) nfl and S° = S°(f2) n . 

The set T,°° is therefore a one-dimensional manifold. We denote by the union 
of the closed curves in and by the union of the non-closed components of 
S°°. We have then 

= U and n = . 

Hence, consists of finitely many closed curves, each contained in the open set 
f2, and consists of finitely many arcs, each connecting two distinct points of dQ 
(since d^l is transversal to S°°(ri)). 

Let Fi , • • • , Fjv be the connected components of S^. It is proved in [10^ that 

(2.1) r2\s^ = r2iu---urjw+i, 

where each component is simply connected and for any two distinct components Qj 
and flk, we have either flj nfifc = or nJlfc = F/, for some component F/ of S^. 
The boundary dflj of each component J7j of fl\E^ is a piecewise smooth curve 
and consists of an arc in dfl with ending points on S^, followed by a component 
of E^, followed by an arc in dfl and so on. More precisely, if E^ 7^ 0, then for 
every j = 1, ■ ■ ■ , N + 1, there exists an integer m G Z"*" such that 

(2.2) dnj = Aji U Fji U • • • U Aj,n U Tj„, , 
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where the Ajk's are connected components of dfl D dflj and the Tjk's connected 
components of dil.j S^. Moreover, Tjk intersects transversahy Ajk at a point pj^. 
and intersects Aj(^k+i) a point p^^.. Hence, 

(2.3) TjTc = arc(pT^,p+J and AjTc = arc(p+j^_^),p-J , 

with the understanding that — . 




Figure 1. Decomposition of by the T -orbits 
For each j e {!,■■■ , + 1}, let 

= n^j u % , 

where is the nonrelatively compact component of and flj is the union 

of the relatively compact components. Hence, there exist closed orbits Ci, ■ ■ ■ , Cp 
of L contained in Qj such that 

(2.4) ilj ^ U Int(Ci) U • • • U Int(Cp) , 

where Int(C) denotes the open domain bounded by the closed curve C. It follows 
then that 

(2.5) dn° ^dnjUCiU---uCp. 

The following result is proved in [TO] . 

Proposition 2.1. ([10 ) Let flj and fl^ be as above with boundaries given by (2.2) 
and (2.4), respectively. Then there exist a function 

where D is the unit disk in C; points Zji, • • • , zjp £ D; and points cji, ■ ■ ■ , Cjm G 
such that: 
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c5 °. 



c, r 



Figure 2. First integral Z on VL2 

• Fj is in and Holder continuous on f2^; 

• LFj = in Q'j and dFj (p) ^ for every p G 57°; 

• Fj : 51^ — > I}\{zji, ■ ■ ■ ,Zjp} is a homeomorphism; 

• Fj{Ci) = Zji for 1^1, - ■■ ,p and Fj{Tjk) = Cjk for k = !,■■■ ,m. 

Remark 2.2. Choose an orientation of and its induced orientation on the com- 
ponents ftj's of J7\EJJ°. Given a component ftj, if the first integral Fj preserves 
the orientation, then any other first integral also preserves the orientation. The 
components i7j's can thus be divided into two types: Those with orientation pre- 
served and those with orientation reversed by first integrals. Furthermore, if flj 
and rifc are two adjacent components (flj H fi^ ^ 0), then one of the component is 
orientation preserved and the other orientation reversed (see [TOj for details). 

The first integrals Fj of Proposition 2.1 can be glued together to obtain a global 
first integral in 

(2.6) = U • • • U . 

More precisely, we have the following theorem. 

Theorem 2.3. There exists a function Z : Q'^ — > D. where 51° is given by (2.6), 
such that: 

• Z e C"(ri°,ID)), Z is Holder continuous on W; 



RIEMANN-HILBERT PROBLEM 



7 



• LZ = and dZ ^ in 

• For each j — I, ■ ■ ■ , N + 1, there exist points Zji, ■ ■ ■ , zjp G D such that 

Z{Ci) = Zji for ; = 1, • • • ,p and Z : n° — > 0\{zji, • • • , z^p} 

is a homeomorphism; 

• For each j = 1, • • • , + 1 and k — 1, - ■ ■ ,m there exist Cjk S 910 such that 

Z{Tjk) = Cjk and Z{Ajk) = arc{cj(^k-i)i cjk) ■ 
Proof. Select a component flj of and label it Vq so that, as in (2.4), we have 



^0 = V'o" U Int(Ci) U • • • U Int(Cp) , 
where Vq* is the non relatively compact component of Vo\S^, and with boundary 

9^0 = ^1 U Ti U • • • U A,n U r„ 



■ m ; 



with the Ai's and T/'s as in (2.2) and (2.3). Let F° : — s- D be a first integral 
of L in Vq satisfying Proposition 2.1. Set, as above, Tk = arc(p^,p^), Ak = 
arc(p+_pPj:), F°{C,) = e D, and F°{Tk) = Ck G dB so that F°{Ak) = 
arc(cfe_i,c/c). 

For each k — 1, ■ ■ ■ ,m there exists a unique component C/fe of such that 

nUk ^ Tk- Let Fk : C/" — > D be a first integral of L in U° as in Proposition 
2.1. If FkiTk) ^ dk e dB, let Fk ■.U° — ^ D be given by 

Fk{x,y) = ^Fk{x,y). 

Fk is another first integral of L in Uj! satisfying Proposition 2.1 and -F/c(rj,) = 
F'^{Tk) = Ck- Hence Fk is a Holder continuous extension of F° to C/^ (see [TO])- 
Let 

Vi^VoDUiLi---UU,n- 

Define 

by 



: Vl> ^V^UU^U---U C/,0 
F\x,y)^ 



F^{x,y) if {x,y)eVl, 
_ Ffc(a;,y) if (x,?/) e [7°. 

Then, is a first integral of L in Vi that satisfies the properties of the theorem. 
This extension of the first integral can be repeated through each orbit contained 
in dVi to a larger union of components V2 and so on until we exhaust all the 
components of and reach the global first integral in 51°. □ 

3. Induced indices 

For a function defined on the boundary of fl, we define its indices with respect 
to the components of fi\E^. Let L and H. be, respectively, a vector field and an 
open set as in Section 2. Thus, is simply connected, 17 C fi, dil is a smooth 
closed curve and transversal to We assume that dil is positively oriented 

(counterclockwise) . Let 

(3.1) = niU---unN+i 
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be the decomposition given in Section 2. We assume that > 1 and that ili is 
orientation preserved by the first integrals of L. Fix a point sq € 9fii\5]^ and let 
r : [0, 27r] — > di} be a smooth parametrization such that r(0) = t{2tt) = Sq- 

Let A : dO, — s> = 5D be a Holder continuous function (A e C''{dn,T^) 
with < (T < 1) and denote by argA a continuous branch of the argument of A. 
That is, A(s) = Q«aigA(s) ^^j^^ argA is defined through the parametrization r as a 
continuous function 

argAoT : [0, 27r] — > R 

such that 

(3.2) argA(sQ ) = argA(sJ) +'7rg'o with qo€Z, 

where argA(.sJ) = hm argA(T(t)) and argA(so ) = lim argA(r(f)). Note that 

qo/2 is the winding number of A. 

Now we define the jump along an orbit V C of the function A. Such an orbit 
r is the common boundary of two adjacent components J7j and fi; of fi\5]^. One 
of the components, say Vlj is orientation preserved by the first integrals and the 
other is orientation reversed (Remark 2.2). Consider then ^lj and its boundary 

(3.3) dQ.j = Aji U Tji U • • • U Ajm U Tjm 

as in (2.2). The orbit appears as F = Tjk for some k. The boundary dflj inherits 
its orientation from that of dil and so do each of its arcs Aji and Tji. Let pj/. and 
p'^i. be the ordered ends of Tjk ■ We have 

(3.4) Fj-fe = arc(p7^,p+) and Ajk = &rc{p+^^_-^y pj^^) . 
We define the jump of A along F = Fj^ as the real number 

(3.5) = arg A(p7j - arg A(p+ ) . 

To define the index of A relative to the component flj, we start by writing the 

jumps -djk as 

(3.6) 'djk = Tra^fc + nqjk , 
with 



(3.7) Qjk 



7jk 



G Z and ajk = — q.k e [0, 1) , 

TT 



where, for a real number r, [r] denotes the largest integer < r. Now, we distinguish 
two types of orbits Vj^. Those for which the integer g^^ is even and those for which 
it is odd. Let 

(3.8) C] = {Tjk] qjk e 2Z + 1} , C| = {Tjk; qjk & 2Z} , 

and let rij be the number of elements in Cj. We define the index Kj of A relative 
to as follows: 



(3.9) ^ 
Ki =Ind(A,fii) = - 

Note that Kj e Z for j = 1, • • • 



Ind(A,Oj) = ^ ^XJ^ife - 



if i = 2,--- ,Af+l, 
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Example 3.1. Let 

(3.10) L = {l + 2^xy)^-i{x'-l)^. 

— d d 

It can be seen at once that L A L = —2i(x'^ — 1)— A — . Hence, L is elliptic 

ox ay 

everywhere in except on the vertical lines x = 1 and x = —1 along which L is 
tangent. Wc have then S = = {x = ±1}. Furthermore, the orbits x = 1 and 
a; = — 1 are minimal. Note that the function F{x,y) = x + iy{x^ — 1) is a global 
first integral of i in M^. 

Let Q. = D{0, 2) be the disk with center and radius 2 in M?. Then 

f2\S^ = Oi U f22 U fis , 

where 

ni =Ux,y)(EM.^: l<x, a;^ + < 4} ; 

(3.11) fl2 =Ux,y)eR^: -1< x < 1, x^ + y^ < 4} ; 
Q3 ={{x,y)GM.'^: x<-l, a;^ + < 4} . 

consists of the vertical segments 

Ti = {(l,y) : -\/3 < ?y < Va} and La - {(-1, y) : -v^ < ?y < Vs} . 

Since the map $ = (Re(F), Im(F)) = {x,y{x^ — 1)) is orientation preserving for 
\x\ > 1 and orientation reversing for |a;| < 1, then Cli and O3 are orientation 
preserved by first integrals and is orientation reversed. As oriented arcs we have 
Li = [2e''^/3, 2e5*'^/3] and T2 = pe'^*'^/^, 2e^'''/% 

Let A(2e'^) = e'^^^' with / : [0, 27r] — > R smooth and /(27r) = /(O) +7rgo with 
Qo e 2Z. The jumps of A along Fi and r2 are respectively 

i?i = /(7r/3) - /(57r/3) and i?2 = /(47r/3) - /(27r/3) . 

The induced indices are respectively 

«i = ^(90 + 91 - «i), K2 = ^(gi +92 - ^2) and K3 = ^(g2-n3), 

where qi — [^i/n]; q2 — ['^2/''^]', ni = 1 if gi is odd and if not; ^2 = 2 if both 
Qi and q2 are odd, n2 = 1 if only one qi or 92 is odd and 722 = if both are even; 
and ns = 1 if q2 is odd and if not. 

In the case f{6) = 6, we have qo = 2, '&i = —Aw/S, '&2 = 27r/3, qi — —2, 
q2 =0, ni = 0, n2 = and 7x3 = 0. The numbers ajk are in this case a\ = 2/3 
and a2 = 2/3. The indices are ki = Q, K2 = —1, and ks = 

In the case f{9) = Trsin^, we have go = 0, i?i = 7r-\/3, ^2 = — tta/S, qi = 1, 
q2 = —2. ni = 1, n2 = 1, =0, ai = \/3 — 1, 0:2 = 2 — \/3. The indices are 
Ki =0, K2 = — Ij and K3 = — I. 

4. The Homogeneous Riemann-Hilbert problem for L 

We consider the simplest boundary value problem associated with a vector field. 

As in the previous section, L is a nonsingular complex vector field with real analytic 
coefficients given by (1.1) in an open set f2 C M?. We assume that L satisfies 
Condition {V) and that it has only minimal orbits. Let be a bounded, simply 
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connected open set, with C and with dfl smooth and transversal to 
As in the previous sections, we use the decompositions 

(4.1) = f^i U • • • U 17jv+i 
and for j = 1 , • • • , + 1 , 

(4.2) dflj = Aji U Tji U • • • U Aj-™ U Tjm 

where Tjk and Ajk are as described in Sections 2 and 3. Let A G C"^(9fi, dO) with 
< cr < 1. For each j £ {1, • • • , A^ + 1}, let kj be the index of A relative to flj 
and for k G {1, • • • , m}, let ajk G [0, 1) be the associated jump with the orbit Tjk 
as defined in (3.7). Denote by dj the number of orbits Tjk with ajk — 0. Consider 
the boundary value problem 



(4.3) 



Lu = in f2 , 

Re(Au) on dn . 

We have the following theorem. 



Theorem 4.1. Problem (4.3) has nontrivial continuous solutions on that vanish 
on if and only if there exists j € {1, • • • , A^ + 1} with 2Kj > 6j. Furthermore, 
the number of independent such solutions is 

(4.4) r = (2^^^- - + 1) . 



Proof For j = 1, • • • , A^ + 1, let : n° — ^ D be the restriction to n° of a first 
integral Z of L satisfying Theorem 2.3. As in Section 2, 17° is the component of 
given in (2.4) and dil'j given by (2.5). The boundary dflj is as in (4.2) and 
Fjfe = arc(p~j.,p+j,), Ajk = arc(p+(^,_-^-|,pT^) (see Section 3), set 

(4.5) ZjiVjk) =cjk edB and Zj{Ajk) = arc{cj(k_i),Cjk) C dB 

(with Cjo — Cjm)- For each ^ = 1, • • • ,p, let z; = Zj{Ci) G D, where C/ is a closed 
orbit of L contained in dfl'j as in (2.5). 

Define the function Xj on 9D\{cji, • • • ,Cjm} by Xj{C) = A o Z^^{(). Note that 
Xj is Holder continuous on each arc Zj{Ajk) C dD. The function wj — u o ZJ^ 
satisfies the RH-problem 

(4.6) ^ = in D , Re(A7wj) = on . 

This is a discontinuous RH-Problem that was considered by several authors (see 
for instance [1], [5], and [12]). Note that with our definition of the jump djk of A 
along Tjk, we have 

(4.7) A,(c-,)=e^''^-A,(c+), 

where Aj(c^) = lim Aj(ce'*). Note also that (4.7) is valid whether Zj is orientation 
preserving or not. 

Now we proceed to the construction of solutions of Problem (4.6) as it is done 
in Chapter 3 of JL, ■ We transform the problem into a continuous RH-Problem and 
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use the Schwarz operator to write the general solution. We start by defining the 
function Xj on by 

rn J-;: roijk 

(2"^*= is defined through any branch of the logarithm). It is verified at once (see 
[1]) that 

(4.9) A;(c-,) = (-1)'^'^'A;(c+), 

where qjk is the integer associated with the orbit Tjk and defined through the jump 
i?jfe by (3.7). Hence, Xj is continuous at the points cjk when qjk is even. To obtain 
a continuous function through the points with qjk odd, we consider the collection 
Cj = {cjk ■ Qjk odd} (if not empty) as a set of ordered points in 9D (by a the 
argument function) and write it as 

(4.10) = {cjf,^ : I < s < a} , < fJ-s+i {I < s < a < m) . 

We distinguish two cases depending on whether the number of elements, a, in Cj is 
even or odd. In case a is even, define the arcs in 83 with ends on Cj as 

C4 j^j^N Bs = {C<^dD: argcj^^ < argC < argCj^^^J , l<s<a, 

Ba = {( e dB : argcj^^ < argC < argCj^^ + 2n} . 

Let (3 : dD\Cj — > { — 1,1} be the alternating function defined by 

(4.12) /3(C) = (-1)""^ if CeS, l<s<a. 

In the case when a is odd, consider an additional point cq S dD\{cji, • • • , Cjm} and 

replace Cj by Cj = Cju{co} and proceed to define the arcs Bg's and the alternating 
function (3 accordingly. 

Now we can define the continuous function on OD by 

(4.13) A°(C)^/3(C)A,(C)n ^:!'!L if«e2Z, 



f=i 



"jfc 

k= 



(4.14) A°(C)=/3(C)A,(C)^^n i^ "''l., ifae2Z + l. 

It can be verified ([T]) that such a function A" is Holder continuous on 9D and that 
it has index Kj. 

Assume that a is even, so that the function A° is given by (4.13) (the case a odd 
can be dealt with in a similar fashion) . Choose the branch of the logarithm so that 
arg(C — Cjk) — as C — > cj'k ^® ^^'^ arg(C — Cjk) — > tt as C ~^ c"^, on 9D. 
Then we have for k — 1, ■ ■ ■ , to 



(4.15) AO(c,fe)=/?(c+)A,(c+)n 



Consider the function defined in B by 

(4.16) w^{z) = „^ ...^ 

nfc=i(^-cife)"^'= 
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Ow^ 

(4.17) -—S- =0 in © , Re(A? w^) =0 ondB. 

oz ■' 

This is the classical RH-Probleni with only the trivial solution, if Kj < and with 
general solution for Kj > 0, given by 

(4.18) u;°(z) = z'^^e'^(^) (^do + Yl^diz' - di^ , 

where do € di, • • • , € C are arbitrary constants and where 

(4.19) 7(^)=5(arg(r''^A?(C)))(^), 
with <S the Schwarz operator on the disk D: 

(4.20) S{f){z) = ^l /(C) f^^. 

Note that for z = ^ S dO, we have Re(7)(C) = arg A°(C) — Hj argC- 

It follows from (4.16) and (4.18) that when Kj > 0, the general solution 

rn 

(4.21) wj{z) = w°{z)l[{z-cjkr'' 

fe=i 

of the Problem (4.6), vanishes at each point cjk with ajk > 0. At a point Cjko € 
with ajk„ = 0, the function wj vanishes only when the coefficients do, di, • • • , d^^ 
satisfy the linear equation 



(4.22) ido + J2di4ko-dic'jk,=Q- 



1=1 



Since there are 6j points Cj^^ (with aj^o = 0), then the (2kj + l)-real coefficients 
do, Re(di), Im(di), Re(dK^.), Im(dre^.) must satisfy Sj linear equations (over 
R). We get then 2k j — Sj + 1 independent solutions if 2k j > Sj and only the trivial 



solution, if 2Kj < Sj. 

Finally, we can define the continuous solutions of the original Problem (4.3) in 
Qhy 

{0 if {x, y) G flj with 2Kj < Sj ; 

Wj{Zj{x,y)) if (x, y) e f^f with 2kj > (5j ; 
Wj{zi) if {x,y) G Int(Cj) C % with 2Kj > Sj , 

where Wj is given by (4.21) and the coefficients satisfy (4.22). It follows also that 
the number of independent solutions is given by (4.4). □ 

Example 4.2. We continue with the vector L and CI = D{0,2) of Example 3.1. 

We have seen that = Fi U r2 and QXT,"^ = l^i U U n^. 

For A(2e*^) = e'", we found that ki = K3 = 0, K2 = -1, and Si = S2 = S3 = 0. 
Hence the RH-Problem 

Lu = in D{0, 2), Re (e-'^M(2e'^)) = on dD{0, 2) 

has 2 independent solutions that are identically zero in ^2- 
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(5.1) 



For A(2e'^) — e*^™^, this time we have ki = 0, K2 = ^3 = — 1, and 6i — 62 — 
S3 = 0. Hence the RH-Problem 

Lu = Q inD(0,2), Re (e-*'^'"''u(2e'^)) = on 915(0, 2) 

has 1 independent solution that is identically zero in U fls. 

5. NONHOMOGENEOUS RH PROBLEMS 

In this section we consider nonhomogeneous RH-Problems for the vector field L 
on a simply connected open set fl. The assumptions on L and are as in Section 
4. The first problem to be studied is 

Lu = in , 

Re (A 7i) = (j) on dfl , 

where the functions A and are Holder continuous: A G C"^(9r2,C) and (p G 
C"^(3f2, M), for some < a < 1. In general such a problem does not have continuous 
solutions throughout fi, even in most simple cases, due to the fact that some of 
the induced indices of A might be negative. We will allow then for solutions to 
have a single pole in each of the regions with negative index (see Section 1 for the 
definition of a pole). We will also consider only the generic case when A takes 
different values at the ends of each arc F e SJf' (so that the corresponding number 
a defined in (3.7) is positive: < a < 1). Before, we state the main result about 
Problem 5.1, we recall the following property of Cauchy type integrals that will be 
used and whose proof can be found in [12] page 85. 

Lemma 5.1. ([12]) Given a positively oriented curve A = arc(A, _B) in C; a point 
c € A; a function g on A that is Holder continuous on arc(A,c) and on arc(c, i?); 
and given a real number < a < 1, then the Cauchy integral 

satisfies the following: 

Zt sm(7ra) [z — c)" 

for z e to the left of A, with $0 analytic and such that 

(5-4) < 

\z — c|"o 

for some K > and < ao < a. 
We have the following theorem. 

Theorem 5.2. Let L and be as in Theorem 4.1 with ri\E^ decomposed as in 
(2.1) and dUj given by (2.2). Let A e Cidn^dB) be generic, (j) e C"^(af7,M) with 
< cr < 1 and let ni, ■ ■ ■ , kn+i be the indices of A with respect to f2i, • • • , r^Ar+i, 
respectively. Then, the Problem (5.1) has a solution u such that u is continuous 
everywhere on except (possibly) at isolated points. The singular points ofu consist 
of a single pole of order < —Kj in each component flj where Kj < 0. Moreover, the 
value of any such solution u on an orbit F = arc(p^,p+) is uniquely determined 
and it is given by 

A{p-mp+)^A{p+)cf>{p-) 

u(F) = e —— , 

I sin(7ra) 
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where a G (0, 1) is the associated jump of A along T and e—1 or —\. 

Proof. Let Z : Vl^ — > D be the first integral of L as defined in Theorem 2.3. We 
can assume that .^~^(0)n5]^ = (if not replace Z by HoZ with H an appropriate 
automorphism of D). Hence, Z~^{Q) consists oi N + 1 points, one point in each 
component 17°. For j G {1, • • • ,iV + 1}, let Zj : 17^ — > D be the restriction of 
Zto^^ (given by (2.4)) and with 917° given by (2.5). As in Theorem 2.3, for 
Z = 1, • • • ,p let Zji = Zj{Ci) e EP and for A; = 1, • • • , m let Cjk = Z{Vjk) e 9P. Let 
Xj = A o Z~^ be defined on 9D\{cji, . . . , Cjm} and let A° be the modification of Xj 
as constructed in the proof of Theorem 4.1. Hence, A° is Holder continuous on 
and is defined by (4.13) or (4.14). The function 

satisfies the nonhomogeneous RH-Problem 

5w;0(z) 
dz 

where 

mm 
nLiic-c.-feh-' 

with fi the alternating function defined in (4.12) and V'(C) = <P° ^j~^{C) for C € 
and C 7^ Cjfe. 

Suppose first that Kj > 0. Then, the general solution of Problem (5.6) is given 

by 

(5.8) w°{z) = z''^e'^^'^ (^S{p){z)+idQ + J2diz' -Ji^^ , 

where do & di,-- ■ , d^j € C are arbitrary constants, the function 'y{z) is given 
by (4.19), <S is the Schwarz operator in D given by (4.20), and where 

(5.9) m = ei-(T(f))p(C) . 

We need to understand the behavior of S{p){z) as z G H approaches a boundary 
point Cjk. For this we rewrite <S(p)(z) as 

(5.10) SiMz) = ^f ^^dC+^[ Wdc. 



(5.6) =0 zGB, Re (aO(C)u(C)) = p(C) C e , 
where 

(5.7) piO 



271'i Job C 27ri J^d C - ^ 

The function p{() /C, can be written as 

with 



(5-12) 5(C) = .r. i.^ i X 



Cn;^felC-c,7|«^' |C-c,-fc| 
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With our choice of a branch of the logarithm as in the proof of Theorem 4.1, we 
have 



(5.13) 



+ ei'"('^(-^'=))/3(c+)V;(c+) 



It follows from (5.10), (5.11), (5.12) and Lemma 5.1 that 

j,Im(7(cjfc)) 

with 



(5-15) < , 

for some K > and < a^j. < aj/j and where 

(5.16) ^^^^ e^-^'-/3(c+)V.(c+)-/3(cT,)V,(c7,) ^ 

"''^ 2isin(7rajfe) 
Therefore, it follows from (5.8) and (5.14), that the function 

m 

(5.17) wj{z)=w°{z)l[{z-cjkr'' 

k=l 

satisfies (for 2 e D close to Cjk) 

,5.8, = — X n X + . 

with Wj analytic and Wj{cjk) = 0. Therefore, 

(5.19) Wi(c,k)= hm Wi(z) = 2c2e'^<^^'^^^^ Mjk TT l""'^ ~ ""'T" ■ 
Since 7 is given by (4.19), then 

(Cjfc - Cji)"^' 



(5.20) ^^^-iio,,)) = c-;^ A°(c,fc) = c7;^/3(c+ )A,(c+ ) [] 



Hence, using (5.20) and (5.16) in (5.19), we get 

i sin(7rajfe) 

The expression for Wj{cjk) can be further simplified by noticing that 
(5.22) /3(c+ )/3(c7,) = (-1)^.'= and A,(c7,) = (-l)'^.'=e-«^'=A,(c+ ) 

so that 

^A,(c7,)V(4)-A,(c+)V(cJfe) 



(5.23) t«,(c,fe) = (-l)«^'=- 



isin(7rajfe) 
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In terms of the values of original functions A and (p at the ends p"^. and p^f. of the 
orbit Fjfc, we have 



(5.24) w^ic^k) = i-iy^" 



ism{TTajk) 



In summary, going back to the original problem, we see that in the case kj > 0, 
the function Uj defined in Qj by 



(5.25) w,(ar,y) = | 



Wj{Zj{x,y)) {x,y)en"^, 

Wj{zji) (x,y) e Int(C;), 1 = 1, 



is continuous on flj, satisfies 

(5.26) Lu = in%, Rc{Mt)u{t)) = (pit) tedn^Ddn, 

and is constant on each arc Tjk along which it is uniquely determined by u(rjk) = 
Wj{cjk) given by (5.24). 

Now we consider the case Kj < 0. The solution 

(5.27) u;°(z) = z^'c'^''''^S{p){z) 

of Problem (5.6) is meromorphic with a single pole at 2; = of order < —Kj. The 
function defined in U.j\ZJ^{Q) by 



(5.28) w,(ar,y) = | 



Wj{zji) (x,2/) e Int(Ci), l = l,---,p, 



is continuous with a pole of order < —kj at the point Zj ^(0) and solves problem 
(5.26) in flj\Z^^{0). Furthermore, its value on each orbit Tjk is again given by 
(5.24). 

These various functions Uj defined in ilj yield a well defined continuous function 
u on the whole open set Cl (except at isolated poles). Furthermore, it is easily 
verifiable that u solves the RH-Problem (5.1). □ 

Remark 5.3. The RH-Problcm (5.1) could admit continuous solutions throughout 
n even when some of the indices Kj < 0, provided that the boundary functions 
A and (p satisfy {—Kj — l)-conditions on dflj. These conditions simply mean that 
<S(p) has a zero of order > —Kj at z = (where p is given by (5.9)). That is, 

/ P{C)C~^dC = for s = 1, • • • , —Kj. In terms of integrals over we get the 

conditions 



(5.29) / ?(^^(*)) 



dZj{t) _ _ 

_-^_0 S-l,---,-Kj. 



The last problem we consider in this paper is 



(5.30) I 



Lu = f in O , 

Re ( A u) = (f> on dfl . 



We assume that A and arc as in Theorem 5.2 and / G C°°(0) has zero periods 
on the closed orbits of L. By this, we mean that if we consider the dual differential 
form CO = Bdx — Ady of the vector field L, then there exists a C°°-differential form 
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rj in fl such that fdx Ady = uj Ar], and we say that / has zero periods on the closed 
orbits of L if 

(5.31) / = for every closed orbit C C . 

Jc 

It should be noted that this condition depends only on the function / and not on 
the particular choice of its representative 77 (any other representative is of the form 
77 + guj for some function g). It is proved in |10j that condition (5.31) is a necessary 
and sufficient condition for the global solvability of L on Jl. 
Now we can state our result regarding Problem (5.30). 

Theorem 5.4. Let L, H. , A, (f) he as in Theorem 5.2. Let Kj be the index of A 
relative to the component f2j o/f2\E^ and f £ C°°(0) satisfies condition (5.31). 
Let Kjj^, • • • , Kj^ be the negative indices of A. Then, for every I = I, ■ ■ ■ ,n there 
exists a point Sj, € fi^-, \E°° such that Problem (5.30) has a solution u that is Holder 
continuous on 17\{sjj, • • • , and C°° in ^\Yi°° U {sji, • ■ ■ , Sj^}. Furthermore, 
for each sj^ there exist an open set Oj^ , with sj^ G Oj, C il, and a function mj^ e 
C°°{Oj^) such that u — nij^ has a pole of order < — Kj, at Sj, . 

Proof. We know from that for a given / € C°°(ri) satisfying (5.31), there 
exists a function v, Holder continuous on and in C°° such that Lv = f. 

Theorem 5.2 implies that the RH-Problem 

Lw = inn, Re{Aw) = (p-Re(Av) 

has a solution w such that w is Holder continuous on il\{sjj, . . . , Sj„}, is C" in 
r2\S°° U {sji, . . . , Sj„}, and has a pole of order < — Kj, at the points Sj, . The 
function u — w + v is then the sought solution of Problem (5.30). □ 
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